An Adjustment for Edge Effects Using An Augmented
Neighborhood Model in the Spatial Auto-logistic
Model

Johan Lim, Xinlei Wang, and Michael Sherman *

Abstract

Parameter estimation in the spatial auto-regressive models has difficulty from the
edge sites which have unobserved neighborhood sites. Some ad hoc remedies sug-
gested in the literature are the free boundary condition, the toroidal boundary
condition, or estimation with only the data for internal sites. However, parameter
estimates are often sensitive to the assumption for the unobserved neighborhood
sites and all the above assumptions have some apparent shortcomings such as sys-
tematic bias or inflated variance. In this paper, we propose a new way to incorporate
the edge sites by introducing an augmented random neighborhood, denoted by the
augmented neighborhood model, which represents the entire external field. To esti-
mate the model, we derive the EM procedures for the maximum pseudo likelihood
estimator and the maximum likelihood estimator. Several simulation studies show
that the random external field provides better performance of the maximum pseudo-
likelihood estimator and the maximum likelihood estimator than other assumptions
to the edge sites. As an example, we apply the random external field to modeling
the distribution of Plantago lanceolata in Kansas.
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1 Introduction

Conditional autoregressive models (CAR) play a crucial role for spatial systems in many
disciplines such as engineering (Geman and Geman, 1984), social science (Anselin and
Cho, 2003) and ecology (Legendre and Fortin, 1989), where spatially correlated obser-
vations are encountered. Parameter estimation in the CAR is often a fundamental and
complex step towards statistical inferences and has been addressed by various authors
(e.g., Besag 1975, Pickard 1982 and 1987, Younes 1991, Comets 1992, Geyer and Thomp-
son 1992, Guyon and Kiinsch 1992, Huang and Ogata 1999 and 2002, Bartolucci and
Besag 2002, Reeves and Pettitt 2004). In this paper, we investigate an important issue
closely related to the problem of parameter estimation, namely, the edge effects, i.e.,
spatial locations that do not have fully observed neighbors.

Consider a fixed system of nodes, labeled by a set D of location, and an associated
vector Z of (dependent) random variables Z; with binary responses —1/1 for i € D. For
each site 4, let N(i) denote the set of its “neighbors” and Z_; denote the vector of Z;’s
where j € D and j # i. Let 0D be the set of indices for the boundary some of whose
neighbors are not in D. The conditional auto—logistic model (the most common CAR

model for binary observations) is locally defined as:

_ exp {Zz' (Oé + 0 ZjeN(z') Zj) }
exp {oc + ﬁZjGN(Z») Zj} + exp { —a— 52;’@\/(1‘) Zj} 7

where the parameter a determines the overall proportion of Z;’s with value one and the

Z_; = z_i> (1)

parameter [ reflects the intensity of the interaction between Z; and its neighborhood
(Besag, 1974). Note that for ¢ € 9D, N(i) contains unobserved components which are
not in D so that (1) is not well defined for parameter estimation. This difficulty occurs not
only for the auto—logistic model, but also for all CAR models including the autoregressive

Poisson or Gaussian models. In the sequel, we focus on the binary case but comment on
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the Gaussian case in the discussion.

To resolve the difficulty from the boundary sites, most previous work is based on some
ad-hoc treatment of the unobserved external locations, which are often computationally
convenient but have no solid empirical or theoretical justification. Such approaches include
the free boundary condition (FREE), the toroidal boundary condition (TORUS), and
omitting all boundary observations (INNER). The free boundary condition assumes that
all nodes in the external field have a value of zero and the toroidal boundary condition
assumes the spatial system as a “torus”. A more rigorous approach to adjust for the
boundary sites is to integrate out the unobserved nodes with respect to its conditional
distribution given the observed values (e.g., p.439 in Cressie, 1993). However, it presumes
the knowledge on the system of the external field which is often not available in practice.

In this paper, we propose a data-driven approach that treats the entire external field
as one unobserved random variable, and then estimates it jointly with the parameters of
the model. The proposed the augmented neighborhood variable approach can be con-
sidered on the same line with the elaborative approach discussed in Cressie (1993) but
it has at least two of its own merits. First, the proposed augmented variable approach
does not assume the structure of the external field and can be applied to both lattice and
non-lattice system. Second, in comparison with the TORUS, the augmented neighbor-
hood model introduces one random component in bridging one end and the other end.
We expect that this random layer interweaves two ends which may be quite different. To
estimate the models, we derive the EM procedures (Dempster, Laird and Rubin 1977) for
the MPLE and the MLE along with the unobserved augmented neighborhood variable.
We implement several simulation studies which demonstrate that the maximum likelihood
estimator (MLE) and the maximum pseudo likelihood estimator (MPLE) with the aug-

mented neighborhood perform better than those with other assumptions on the external



field. In addition, we apply the to modeling the distribution of the Plantago lanceolata
distribution in Kansas and compare the results with those from other existing approaches.
Straightforward extensions to other CARs will be discussed in the Conclusion.

The paper is organized as follows. In Section 2, we shortly review two basic estimation
procedures for the CAR, the MLE and the MPLE, and several existing treatments to the
edge sites. Section 3 introduces the augmented neighborhood model and derives the
EM procedures to evaluate the MLE and the MPLE. Section 4 implements simulation
studies to evaluate the performance of the MLE and the MPLE with the ANV and to
compare it with other alternative treatments. In Section 5, we apply the procedures with
the augmented neighborhood model to modeling the Plantago lanceolata distribution in

Kansas. Finally, Section 6 concludes the paper with the discussion of the extension to

other CARs.

2 Two Existing Estimation Procedures and Edge Ef-
fects

In recent years, the problem of parameter estimation for spatial auto-logistic models has
attracted considerable statistical attention. For a detailed review and discussion, see, e.g.,
Sherman et al. (2005) and the references therein. In this section, we briefly describe two
basic methods ML and MPL where most existing estimation procedures are grounded.
Then we focus on several common treatments to the boundary problem associated with
each method. As will be shown next, the parameter estimation in the spatial auto—logistic
models is much influenced by the assumption to the external field, especially when the

size of the system is not sufficiently large.



2.1 Maximum Likelihood Estimator

As shown in Cressie (1993), the conditional auto—logistic model defined in (1) has the

joint probability distribution function

P<Z):\P(;,ﬁ) exp{aZZl-—l—gZZi( Z Zj>}, (2)

i€D i€D JEN(4)

where \If(a, ﬁ) is the partition function defined as
g
\Il(oz,ﬁ):zzzexp{alerDZk+§];Zk<£§k)Zg>}. (3)
Note the summation in (3) is over all possible realizations of Z.

Equivalently, we can denote IP(Z) in (2) as L(a, 03 Z), the likelihood function of the
data. Maximization of L(a, 0; Z) is, in general, computationally impractical when the
total number of sites in D is moderate or large because of the large number of terms
in \I/(a, 5) that must be summed. In particular, 3, is over 2!Pl where |D| denotes the
number of sites in D. To avoid this difficulty in calculating the MLE, many authors
have proposed to approximate L(a, G, Z) or its derivatives via Monte Carlo samples (e.g.,
Besag, 1986; Geman and Geman, 1984; Younes, 1991; Moyeed and Baddeley, 1991; Geyer
and Thompson, 1992; Huang and Ogata, 1998). However, people confront the boundary
problem when generating the Monte Carlo samples to approximate the MLE. To overcome

this, there are two choices:

e Assume free boundary condition that all nodes in the external field have zero values.

It is denoted as FREE in this paper.

e Assume a "periodic boundary” and make the observed spatial system as a self-
closed system (i.e., the neighbors of each pixel are in the system); Or equivalently,

construct a torus. It is denoted as TORUS in this paper.
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The former, with the free boundary condition, can be applied to both lattice and non-
lattice system whereas the latter is only available to a lattice spatial system, which is
very restrictive for many applications. Also, the torodial boundary condition tends to
systematically underestimate the interaction intensity |3|. This can be seen by observing
that, a torus system assumes that Zy ; = Z,, j, Zm+1,; = 21,5, Zio = Zin, a0d Zj i1 = Z; 1
for all 7 and 7 in an m x n lattice; using sites on one side as the neighbors of those on the
other side artificially lessens the interaction on the boundary because more distant sites

are typically less interacted.

2.2 Maximum Pseudo Likelihood Estimator

Besag (1974) notes that P (Zi = zi‘Z,i) and IP’(ZJ- = 2; }Z,j) are conditionally independent
if i ¢ N(j) and j ¢ N(i). Accordingly, the data grid can be “coded” into two groups of
observations such that within each group individual components are conditionally inde-
pendent. Thus, the usual likelihood theory for the data in each group applies. Ignoring
the dependence between the two groups and pooling all components together form the
so-called “pseudo likelihood function” (Besag, 1975):

PL(a, 5;7) = H exp {Zi(a+ B3 jeni %)} .
iep €XP {a + 5ZjeN(i) Zj} + exp { —Q— ﬁZjeN(i) Zj}

As mentioned in Possolo (1986) and Sherman et al. (2005), the MPL estimate can be

(4)

computed from a standard logistic regression with response variables y = (Z; + 1) / 2 and
corresponding covariate x = JENG) Zj. Further, the consistency and the asymptotic
normality of the MPLE have been demonstrated by several authors (e.g., Geman and
Graffigne, 1986; Comets, 1992; Guyon and Kiinsch, 1992), and the concept of the PL has

been applied to many other problems without difficulty.
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Figure 1: Bias in MPLE with the zero external field.



In the MPLE, two often-used remedies of the boundary problem are the free bound-
ary assumption and omitting the boundary nodes in the analysis, denoted by INNER.
However, both procedures have shortcomings as we now discuss. First, the observations
on the boundary pixels can be a considerable portion of the entire data set. For exam-
ple, when the system is a lattice of size n X n, the number of pixels on the boundary is
4n — 4 and its proportion in the entire system is approximately 4 / n. Accordingly, for
small to moderate sized systems, we have a considerable amount of information loss and
the variance of parameter estimates is expected to be larger when ignoring the boundary
observations. Second, when the external field is assumed to be 0, >, NG Zy, for any
i € 0D often shrinks toward 0 and the MPLE of 3, which is the regression coefficient
between y = (Z; +1)/2 and x = 37, y(;) Zk, tends to overestimate the true  when
it is positive, as will typically be the case in practice. Figure 1 illustrates how the free

boundary condition results in an overestimation of [.

3 Augmented Neighborhood Variable to Adjust the
Edge Effect

For the boundary problem addressed in Section 2, we remove those strong assumptions on
the external field and treat the entire outer field as one unobserved random variable to be
estimated from the data. To be specific, let e denote a latent random variable associated
with the external field, taking values —1 or 1, which is in a neighborhood of all edge sites
(see Figure 2).

Motivated by the definition of the conditional auto-logistic model in (1), given the



Figure 2: An example of a closed spatial system with the external field. Here, e are
boundary points denoted by dD.

observations z = (z;)7,i € D, the conditional distribution of e is

B e exp{e(()é-lrﬁzjeaDzj)}
Ple=elz=2z) = exp{a+ 83 cop2it texp{ —a— B oz} ?

and the conditional expectation of e becomes

exp (2a + 20 ZjeBD zj) -1
exp (2o + 20 > jeop z)+ 1

E(e|Z=2z)= (6)

In what follows, we derive the procedures of estimating o and 3 with the REF, using

the technique of Expectation Maximization (EM) for incomplete data.



3.1 MLE with the Augmented Neighborhood Variable

We begin by considering the ML method. From (2), the complete log-likelihood function
is

— log\IJ(a,ﬁ,e) (7)

e

LL(, 3;Z, ) :aZZ¢+§ZZi >z

i€D €D JEN(7)

where Zj‘e implies Z; = e for j & D; similarly, ¥(a, 3, ) denotes ¥(«, ) defined in (3)
with all Z; = e for j ¢ D. Given a realization z of the random vector Z, the expected

log-likelihood function with respect to the missing component e becomes

BLL(a, 5) = B(log L(a, 5 Z, e ’Zzz)

—OzZzl ﬁz,zlz,zj ezl’Z—z
i€D €D jeN(i) B
ﬁZzZ Z z]‘ . :—1|Z:z)
€D jeEN(4) e=-1

—log\ll(oz,ﬁ,e = 1) -]P’(e = 1‘Z = z) —log\IJ(a,ﬁ,e = —1) -IP(e = —1|Z = z).(8)

In a typical “expectation” step of the EM technique, ]P’(e = e‘Z = z) in (8) is substituted
for by (6) estimated at the current value of o and 5. So, by differentiating ELL (a, B),
the MLEs of v and 3 are the solution to

szZEaﬂ(ZZk

keD keD

)]P’(e: 11Z = z)

e=1

+Eaﬂ<;}zk e:_l)ﬂ»(e:—mzz) (9)
kEZDzk(ZGZNZ,)e Ple=1|Z = 2) +k€ZDzk(l€ZN )e:1IP’(e:—1|Z:z)
ey a] et
(ATl Jeemp=)

IEN,
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We approximate the above estimating equation, given the current estimate of e, € =

)

E(e‘Z = Z), by

Y u = Eaﬂ<ZZk

keD keD
Sa(Ya)| - ma(Taya)) (1)
keD 1ENy, b k€ED  IEN, b

where the expectation E, g is w.r.t. Z. Hence, the overall suggested procedure is an
iterative procedure between (i) estimate € = E(e‘Z = z) using the current estimate of a
and $3, and (ii) update the current estimate of a and 3, say at*—)

B(k_l), using the current estimate of e, say €, as
ak) atk—1)
(5 ) = (5o )-
> ken 2k — Eayp ( 2 kep Lk

< iZ; ) . S e Zk(ZleNk Zl)

)

- Eoc,ﬁ ( ZkeD Z ZleNk Z
b

J))

(13)

where A\, and Ago is an appropriately chosen decreasing sequence.

3.2 MPLE with the Augmented Neighborhood Variable

We now proceed to consider the MPL method as an alternative to the above ML method
for estimating o and [ with the augmented neighborhood variable. It is much simpler
in computation, which makes it attractive in practice. It is not difficult to see that the
complete log-PL can be expressed as

LPL(a, 3;Z,e) = Y logP(Zi|Z_;) + > logP(Z|Z_;,e)

i€D—0D 1€0D
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Given the observations Z = z, the corresponding expected log-PL (ELPL) is

ELPL(a, §) = E(LPL(a, 3,7, e) ‘z - z)
=LPL(a,3;Z=12e=1)-P(e=1|z) + LPL(, 3;Z =z,e = —1) - P(e = —1|2)

= Z logIP’(zi|Z_i) + Z log]P)(Zi’Z—he =1)-Ple= 1|Z)

i€D—-0D 1€0D

1€0D

z_,e=—1) -Ple=—1z) (14)

Further, we can consider the mode approximation to (14) to simplify the estimation

procedure

ELPL(«a, B) =~ Z logIP’(zi‘z_i) + Z logIP’(zi‘z_i,e = E(e|z)>. (15)

i€eD—dD i€dD

Using this mode approximation, we impute e by E(e‘z) based on the current parameter
values and then maximization of (15) can be simply done by running a logistic regression
with ¥; = (Z;41) /2 against 3, NG) Zk|e. Alternatively, we can also maximize (14) using
a weighted logistic regression with appropriate weights; the weights are 1’s for the internal
observations, IP’(e = 1|Z) for the boundary observations with e = 1, and P(e = —1|Z) for
the boundary observations with e = —1.

Before we end this section, we note that, to obtain the MPLE with the augmented
variable, the proposed estimation procedures are iterative between the step of estimating

the missing external field and the step of updating the parameter estimates.

4 A Numerical Comparison with Existing Procedures

In this section, we conducted simulation studies to investigate the performance of the
proposed MPLE and MLE using the augmented neighborhood model. We also compare

them to the estimates using other commonly-used treatments to the boundary problem.
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First, to investigate the performance of the MPLE with the REF, we consider three
sets of (a, 3): (0.0,0.1), (0.0,0.3), and (0.3,0.1). For each parameter set, we generate
100 data sets with a grid size of 10 x 10. For each data set, we generate 40 x 40 with
free boundary condition and take the middle 10 x 10 values. The first 40 x 40 data is
generated using the Gibbs sampler with 50,000 iterations of sampling the entire system.
Here, we restrict our study to those less correlated spatial systems since the MPLE with
10 x 10 observations shows poor performance when the system is highly correlated; or
more technically, there is a problem of singularity in fitting logistic regression models. We
take A\g1 = Ag2 = 0.02/(k + 5) where A\g;, ¢ = 1,2, are as defined in (13).

For each data set, we compute the MPLE with three different assumptions on the
external field: (1) free boundary condition; (2) omitting all boundary values (INNER);
(3) the augmented neighborhood model proposed in Section 3, treating the external field
as an unobserved random variable to be estimated. A summary of the obtained estimates
are presented in Table 1.

Two observations can be made from Table 1. First, we can see that the MPLE with the
free boundary condition overestimated the true (3 in all cases, which confirmed what we
suggested in Section 2.2 (see Figure 2). This phenomenon of overestimation is particularly
severe for # = 0.3 and the MPLE with the augmented neighborhood variable shows much
smaller bias than that with the free boundary when 3 is 0.3. Second, when compared to
the MPLE with the INNER, the MPLE with the augmented neighborhood variable shows
a similar amount of bias but a consistently smaller variance. Conclusively, the MPLE with
the augmented neighborhood variable outperforms the other two existing assumptions.

Our second simulation compares the performance of the MLE with the augmented
neighborhood variable to that with the free boundary and the torodial boundary condi-

tion. We again generate 100 data sets from model (1) with parameter values (a, 3) =
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(@, B) Method a i

mean (s.e.) mean (s.e.)

(0.0,01) | FREE | -0.002 (0.083) 0.106 (0.077)
INNER | -0.002 (0.114) 0.101 (0.095)

ANV -0.005 (0.076) 0.098 (0.072)

ANV-MODE | -0.004 (0.074) 0.106 (0.076)

(0.0,0.3) FREE 0.001 (0.071)  0.391 (0.088)
INNER | -0.010 (0.121) 0.315 (0.110)
ANV -0.011 (0.109)  0.298 (0.085)

ANV-MODE | -0.006 (0.112) 0.307 (0.084)

(0.3,0.1) FREE 0.321 (0.150)  0.102 (0.094)
INNER | 0.338 (0.189) 0.089 (0.097)

ANV 0.291 (0.175)  0.095 (0.092)

ANV-MODE | 0.284 (0.171) 0.099 (0.092)

Table 1: “FREE” means MPLE with the free boundary condition, “INNER” is MPLE
with only internal observations, “ANV” is MPLE with the augmented neighborhood vari-
ables which solves (14), and “ANV-MODE” is MPLE with the augmented variable which
solves (15).
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(0.0,0.1), (0.0,0.3) and (0.3,0.1), respectively. The Gibbs sampler is used to approxi-
mate the derivatives of the partition function (9) and (10). The number of iterations of
Gibbs sampler is chosen as 50, 000 so that the statistics } 2, .p Zk and 3y p Zk 3 1 vy 20
converge in distribution. The convergence is checked using the plot of these statistics
(computed with Gibbs samples from each iteration) against to the number of iterations.
We refer the reader to Brooks and Roberts (1998) and references therein for more elegant
ways to diagnose the convergence of the sampler.

The estimates and their standard errors are reported in Table 2. It is not surprising
that the free boundary condition performs well when o = 0.0, but not when o = 0.3
where the augmented neighborhood variable performs better. For the case a = 0.0, the
augmented neighborhood model is as good as the free boundary model in terms of both
bias and variance. On the other hand, the proposed augmented neighborhood model
performs better than the torodial boundary model in all cases.

Our final simulation addresses the case when the data is generated from the fixed
boundary condition. We fix the boundary values as 1 and generate 100 data sets of size
10 x 10 using the Gibbs sampler. We set the parameters as « = 0.0 and § = 0.3. Both the
MPLE and the MLE with an augmented neighborhood value are superior to the estimates
with other boundary assumptions in both a and 3 estimation. The results are reported in

Table 3. As in the previous simulations, the MLE shows larger bias but smaller variance

than the MPLE.

5 An Illustrative Example: Plantago lanceolata

In this section, we provide an additional illustration of our proposed MLE and MPLE

with the augmented neighborhood model by applying them to the Plantago lanceolata
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(a,8) | Method & B

mean (s.e.) mean (s.e.)
(0.0,01) | FREE | -0.003 (0.086) 0.097 (0.070)
TORUS -0.003 (0.083) 0.095 (0.069)
ANV-MODE | -0.004 (0.079) 0.104 (0.074)
(0.0,0.3) |  FREE | -0.001 (0.086) 0.285 (0.066)
TORUS | 0.002 (0.068) 0.270 (0.058)
ANV-MODE | -0.000 (0.057) 0.285 (0.054)
(0.3,0.1) FREE 0.332 (0.143)  0.092 (0.084)
TORUS | 0.321 (0.146) 0.091 (0.082)
ANV-MODE | 0.298 (0.152) 0.092 (0.080)

Table 2: MLE: “ANV-MODE” solves (11) and (12) in Section 3.

portion of the 105 districts.

16

Plantago lanceolata is a perennial herb. It grows in a temperate climate and its young
leaves are often used as a vegetable. In the data set, the state of Kansas was divided into
105 districts and the data set recorded the distribution of Plantago lanceolata in these
districts of Kansas. Specifically, if a plant was observed in the k—th district, Y, = 1 is

recorded; otherwise, Y, = —1 is recorded. There are 40 edge sites, which is a substantial

To investigate geographic patterns in the distribution of Plantago lanceolata in Kansas,
we assumed the auto-logistic model defined in the introduction and employed several
different estimation procedures, as listed in Table 4. It should be mentioned that the

data is observed from a non-lattice spatial system and the other procedures (e.g., MPLE




Estimator Method a B
mean (s.e.)  mean (s.e.)
MPLE FREE | 0.120 (0.105) 0.304 (0.101)
INNER 0.011 (0.154) 0.305 (0.114)
ANV 0.005 (0.137)  0.298 (0.099)
ANV-MODE | 0.005 (0.137) 0.299 (0.099)
MLE FREE | 0.130 (0.106) 0.266 (0.071)
TORUS | 0.089 (0.120) 0.260 (0.084)
ANV-MODE | 0.036 (0.111) 0.278 (0.084)

Table 3: Estimates for the date generated from the model with fixed boundary. In MPLE,
“FREE” means MPLE with the free boundary condition, “INNER” is MPLE with only
internal observations, “ANV” is MPLE with the augmented neighborhood variables which
solves (14), and “ANV-MODE” is MPLE with the augmented variable which solves (15).
In MLE, ‘ANV-MODE” solves (11) and (12) in Section 3.
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Method Q 15}
estimate (s.e.) | estimate (s.e.)

MPLE with FREE -0.042 (0.223) | 0.203 (0.076)
MPLE with INNER | 0.053 (0.263) | 0.175 (0.096)
MPLE with ANV-MODE | 0.043 (0.244) | 0.212 (0.084)
MLE with ANV-MODE | -0.002 (0.060) | 0.240 (0.029)

Table 4: Analysis of Plantago lanceolata data: MPLE-FREE is the MPLE with the as-
sumption of the zero external field; MPLE-INNER is the MPLE with only the internal
observations; MPLE with ANV-MODE and MLE with ANV-MODE are the MPLE using
the mode approximation and the MLE respectively, both with the augmented neighbor-
hood variable introduced in Section 3.

with the torodial boundary condition) discussed previously are not applicable here. The
computed estimates are given in Table 4. The standard errors of the MPLEs are computed
using a parametric bootstrap procedure and that of the MLE is computed from the Hessian
matrix of the log-likelihood function.

In Table 4, all the results indicate that there may exist significant geographic clustering
in the distribution of Plantago lanceolata. However, the J estimates vary over a relatively
wide range. In particular, it is interesting to see that B’s for both the MPLE with the
INNER and the MPLE with the free boundary condition are beyond two standard errors
of the MLE with the augmented neighborhood variable. Thus, we conjecture that those
estimates perform poorly. In contrast, the MPLE with the augmented neighborhood
variable was indeed within two standard errors of the MLE with the same boundary
condition.

Finally, it should be remarked that the standard errors of the MPLE in Table 4 are

larger than those reported in Section 4 (the simulation studies). Note that the simulation
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study is implemented on a 10 x 10 regular grid, but the example has values on an irregular
grid with about 100 data points. The difference in standard errors is conjectured to be

largely attributable to the irregularity of the space.

6 Discussion

In this paper, we have proposed the idea of accounting for edge effects for binary spatial
data. In particular, we treat the external field as an unobserved random component. Two
basic estimators, the MLE and the MPLE, have been developed based on the EM tech-
nique to iteratively estimate the missing REF. Through our modest simulation studies, we
have shown that using the augmented improves the performance of both the estimators.
From our example, we have also seen that using the augmented neighborhood model is
not restricted by the regularity of the spatial system and can be used in any non-lattice
spatial system. In contrast, TORUS is hard to use for irregular spatial systems.

Our discussion in the main body of the paper is restricted to binary spatial data and
the auto-logistic model. However, the idea of the random external field can be extended
to other spatial auto-regressive (AR) models in a straightforward way. For example, the
CAR Gaussian model is defined by

Zi‘Z_i ~ Gaussian <pz~ + Z Cij (Zj — ,uj),rf>,
JEN;
where ¢;;77 = ¢;;77 and ¢;; = 0; we assume homoscadestic errors 77 = 72 for every i € D
and, thus, ¢;; = ¢j; for every 7 # j for notational simplicity. The procedure for the MLE
with the augmented neighborhood model is exactly the same as that of the auto-logistic

model and we only discuss the MPLE with the REF. Analogously to the auto-logistic
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model, the expected log pseudo-likelihood becomes

1 1
ELPL(a.8) = Y. {—55(—a-8) 2) —;ler’]
i€D—0D JEN;
1 1
S sm—a-83 %) - Slogr?} - (16)
&' o b(elz=)

Thus, we can evaluate the MLE using the following EM procedure: (i) given the current
estimates of o and 3, compute e = E(e‘Z = z); (ii) maximize (16) using the (weighted)

regression between z; and ) jen, 2 as in the auto-logistic model.
7
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