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Abstract

The two parameter inverse Gaussian family /G (u, A\) with expectation p and scale pa-
rameter A is known for its remarkable similarities with the Gaussian family; see Mudholkar
and Natarajan (2002). In this paper, we consider inference methods associated with the
inverse Gaussian scale parameter. The assumption of homogeneity of the scale parame-
ters (\) is as basic in the analysis of reciprocals for testing equality of inverse Gaussian
means as the homoscedasticity assumption is in the normal theory analysis of variance.
For testing this assumption we propose and examine IG analogues of the classical tests
due to Bartlett (1937), Cochran (1941) and Hartley (1950). It is seen that the validity of
these analogues is violated when there are arbitrary departures from the inverse Gaussian
assumption just as the validity of their normal counterparts is compromised in case of non-
normality. Miller (1968) considered robust alternatives to the classical methods for testing
normal variances. We construct and study similar robust alternatives to testing homo-
geneity of IG scale parameters. Specifically, we investigate an analogue of Box-Andersen’s
(1955) test and a jackknife based test for testing homogeneity of IG scale parameters. It is
seen that the robustness properties of these tests are very similar to those of their normal

theory counterparts.

1 Introduction

The inverse Gaussian distribution known as the first passage time distribution of Brownian

motion with positive drift, derived by Schrédinger (1915) and Smoluchowsky (1915), is now



widely used to model positively skewed data. Wald (1947) derived it as the asymptotic
distribution of average sample number (ASN) in the context of sequential probability ratio
test. Tweedie (1947) promoted its use in statistics by discovering several of its similarities
with the Gaussian distributions. Numerous additional analogies between the two families
are now known; see Folks and Chhikara (1978), Iyengar and Patwardhan (1988), Mudholkar
and Natarajan (2002), and for a recent overview see Natarajan (2002). Seshadri (1993,
1999) gives a comprehensive review of the theory and applications of the IG distribution.
One of its latest application is in the area of internet communication; see Huberman et
al. (1998) where an argument similar to Wald (1947) is used to show that the number
of links an internet user follows before the page value first reaches the stopping threshold
has an asymptotic inverse Gaussian distribution; the empirical fit to the data is seen to be
excellent.

Inferences on location and scale parameters serve as guiding paradigms for a broad array
of statistical decisions. Of these, problems involving location parameters are the most basic
and common in applied statistics whereas those of scale parameters most commonly appear
in secondary roles in the context of assumptions involving the nuisance parameters.

The scale parameters can be of intrinsic importance in their own right and problems
involving them can play a pivotal role. Risk in equity markets is measured through price
volatility and thus measures of variability capture the notion of risk. Quality of mea-
surement devices such as bathroom scales is assessed in terms of the reproducibility of
their readings and a scale parameter captures this variability. Additionally in quality im-
provement settings, the goal is to control production of defective items in a manufacturing
process. This can be attained by minimizing the variability as measured by the scale
parameter.

The scale parameter of the normal distribution has been central to the development of
basic ideas such as the small sample exact distribution and test (the student’s ¢), biased
estimates, biased likelihood ratio tests, sufficiency, completeness, and critical regions with

Neyman structure. In the second half of the twentieth century Box’s (1953) analysis of the



optimal test for the hypothesis of equality of variances inaugurated the modern study and
theory of robust inference.

In the normal theory analysis of variance the homoscedasticity assumption is ubiqui-
tous. Similarly, in testing homogeneity of inverse Gaussian means using the analysis of
reciprocals, the analogue of analysis of variance, equality of the scale parameters is com-
monly assumed.

The rescaled sampling distributions of the maximum likelihood estimates of A~! and
o2, for the inverse Gaussian and normal populations, respectively, are both chi-square.
Interestingly, inference procedures concerning A are also strikingly similar to those con-
cerning the normal scale parameter. Box (1953) showed that normal theory inferences
about variances are very sensitive to the assumption of normality. Miller (1968) studied
various approaches with the jackknife technique showing some promise, for a recent survey,
see Shao and Tu (1995). In Section 2, analogues of tests due to Bartlett (1937), Cochran
(1941) and Hartley (1950) for testing homogeneity of A are shown to be non-robust in
ways similar to the normal case. Construction of robust methods using the Box-Andersen
(1955) approach and using analysis of variance on jackknife pseudovalues, similar to Miller’s
(1968) approach is also discussed in Section 2. Section 3 presents a Monte Carlo study that
evaluates the validity and power properties of these tests. Robustness properties of the
procedures are examined for variety of alternatives including lognormal and the recently
introduced contaminated inverse Gaussian distributions, see Mudholkar and Natarajan

(2002).

2 Inferences Regarding Inverse Gaussian Scale Parameters

Let X;;, j = 1,2,...n; be random samples of size n; from inverse Gaussian populations
IG(ui, Ni),i=1,2,..., k. Let >, n; = N. We consider the problem of testing the hypoth-
esis Hy : A1 = Ao = ... = )\, against the alternative that Hy is false. The maximum likeli-
hood estimates of the \; ! are given by V; = {35 (1/Xi;—1/X3)}/ (ni—1), (ni—1)AVi ~
szfl, i=1,2,...,k. Let = n; —1and V = >, 1;V;/v. The IG analogues for test-



ing homogeneity of inverse Gaussian scale parameters corresponding to the three classical
statistics for testing homogeneity of normal variances due to Bartlett (1937), Cochran

(1941) and Hartley (1950), respectively are:
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where (2.1)-(2.3) correspond to log 71,0, T, —oos Io,1, respectively. The null distributions
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of Mia, Gia, Fig coincide with their normal counterparts, the percentiles of which are
widely available including in Biometrika Tables for Statisticians (1966).

Following an argument similar to that of Bartlett (1937), it can be shown that for mod-
erate size samples from inverse Gaussian populations M;q is approximately (1 + A)x%,_1,
where A is given by A = > {v;7! — v~} /3(k — 1). Also, analogous to the observation in
Box (1953), each of the modified statistics given in equations (2.1)-(2.3) is nonrobust. To
see this, note that the asymptotic distribution of V; from a single population with the first
two positive and first two negative moments finite, see Mudholkar and Natarajan (2002),

as n; — 00, is given by

Vi (Vi — v = (Up)]) % N0, n?), (2.5)

where

vi=B(X;"), wi = E(Xy), 7° = Var(Xy; ™), 0> = Var(Xy),
ni2 =712 + 201 — pivy) /i + 02 it

Consequently, the logarithmic transformation yields

2, .2
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or N(0,d2;—1), where dg; is the IG analogue of the coefficient of kurtosis (2;, see Mudholkar
and Natarajan (2002). It is also shown that for the IG family, dy; = 3. Furthermore, the
moment estimator ds; of d9; has exactly the same asymptotic distribution as in the normal
case, i.e. N(3,24/n). Under inverse Gaussian assumption, the right hand side of (2.6)
reduces to N(0,2). When dg; = d is assumed to be equal across the k populations, then
M;¢ can be shown to be asymptotically (1 + 0.5(d2 — 3))x7_; for any parent distribution
having finite first two moments; both positive and negative. Thus, the Type I error of
Mj¢ is not even asymptotically controlled if o is unequal to three. In particular, in large
samples the asymptotic mean of Mg would be (1+0.5(d2 —3))(k — 1) instead of k — 1 and
asymptotic standard deviation (1 +0.5(62 —3))\/2(k — 1) instead of \/2(k — 1). Hence, as
in the case of normal variances, the asymptotic sampling distribution of V; may be used
in constructing the analogue of the robust Box-Andersen (1955) test. The analogue of
the well-known jackknife test of Miller (1968) for homogeneity of the variances of normal
populations will also be described.

Analogue of Box-Andersen Test. The Box-Andersen (1955) test is a robust mod-
ification of the F-test test for equality of variances from two normal populations. This
is obtained by adjusting the degrees of freedom so that the asymptotic variance of the
F statistic under normal theory matches the asymptotic variance of F' under sampling
distribution with general kurtosis. Thus, the analogue of this test for testing equality of
scale parameters from two inverse Gaussian populations can be constructed as follows. We
adjust the degrees of freedom of the F statistic based on the asymptotic distribution of
Vi, i = 1,2, see Mudholkar and Natarajan (2002), using the fact that, as n — oc:

n; d 2
05000 — 1) (Vi— (/X)) = N (Oa )\12) ; (2.7)
where 1/\; = (v — 1)/ ;. Also,
Flo = % ~ Fl5(ng = 1),5(n; — 1)), (2.8)
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under Hy, where § = [0.5(d2 — 1)]7!. As in the normal case, the sample IG-kurtosis do

(me/ X+ m o, X7 = 3X°V, 4 2X,Y, - 1)

dy = ——— + 3. (2.9)
; 2(X;Y; —1)2

based on corresponding sample moments, i.e., m_g; = 1{1/XU} /n, Vi =30 {1/X;}/n

and mgi/ = Z}l:l Xijz /n, would be used in place of 52 above when conducting the test.

When the samples are of different sizes from the two populations, then a weighted average
would have to be considered. This analogue can also be generalized to k > 2 populations
by using a Bartlett’s statistics with the degrees of freedom adjusted, similar to its normal
counterpart.

Jackknife test. We considered log \; "' as the pivotal quantities appropriate for jack-
knifing since, as in the normal case, the logarithmic transformation stabilizes the asymp-
totic variance, see Cressie (1981). Further, the ‘delete-one’ jackknife yields the following
pseudovalues:

Wij =n;logV; — (n; — 1) log Vi), (2.10)

where Vj_;) is the sample estimate of A~! from group i with observation j deleted,
1= 1,2,....k, 5 = 1,...,n;. It is well-known from the jackknife theory, e.g., Thor-
burn (1977), the asymptotic distribution of W;, the mean of the pseudovalues in group i,
is asymptotically N (log XL, 09 — 1), i =1,...,k. Hence, a robust test may be based on

the analysis of variance of these pseudovalues.

3 A Monte Carlo Study

In this section we present a Monte Carlo experiment performed in order to understand the
operating characteristics of the robust tests proposed in this paper. In the robustness lit-
erature involving normal variances, symmetric populations such as contaminated normal,
uniform, double exponential, and ¢-distributions have been used as alternatives. In an anal-
ogous manner, in this experiment we use I G-symmetric populations such as the lognormal,

and contaminated inverse Gaussian, a special case of the IG scale-mixtures introduced in



Mudholkar and Natarajan (2002). The density functions of these populations appear very
similar to the inverse Gaussian densities. However, we note that the inverse Gaussian and
the lognormal populations are hard to distinguish from each other; see Jorgensen (1982)
or Dhulesia et al. (1991).

Fifty thousand pairs of samples each of sizes n = 10,20, 25,40 were generated from
each of the above populations. The inverse Gaussian samples and their scale mixtures
were generated using the algorithm by Michael et al. (1976) and the IMSL C subroutine
library was used to obtain the lognormal samples. We present only the Bartlett’s analogue
or equivalently the F' test amongst the analogues of Bartlett, Cochran and Hartley (2.1)
- (2.3) as they gave similar results. Three tests including the Bartlett (2.1), the Box-
Andersen analogue given in (2.8), and the jackknife test based on the pseudovalues given
in (2.10), were applied to each pair and the number of significant results were counted.
We considered the parameter values A = A2/A\; = 1,3,5,10, where A = 1 corresponds
to the null hypothesis. A selection of the proportions of the tests which rejected the null
hypothesis Hy : A1 = Ao versus Hi : Not Hy, for various populations, n = 25,40 and «,
the level of significance, is presented in Tables I and II.

The following are some of the observations gleaned from the results of the simulation
study:

I1G-Analogue of Classical Tests: As in the normal case, the analogue of Bartlett’s
test is very non-robust, in the sense that it is highly sensitive to departures from the IG
assumptions; even Type I error is not controlled. For example in Table I for the lognormal
distribution and for sample of size 25, the Type I errors are 12.2% for the level 5% test.

Robust Alternatives: The IG-analogue of the Box-Andersen test performs well in
general. It shows the best Type I error control and corresponding power in our empirical
study. Since the test involves four moments; positive as well as negative moments, it is
expected to perform reasonably for moderate sized samples such as n > 20 as confirmed
in our study. The jackknife test has much better Type I error control than the Bartlett

analogue. In general, it appears anti-conservative for the alternatives; all of which have



TABLE I. Monte Carlo Power* Function of Competing Tests
for Hg : A1 = Ag vs. Hy : A1 # A2 for n =25

a=0.05 a=0.01
A =X/ N 1 3 5 10 1 3 5 10
Inverse Gaussian Distribution
Bartlett 0.054 0.749 0.969 0.999 | 0.012 0.513 0.892 0.999
Box-Andersen | 0.051 0.678 0.935 0.997 | 0.008 0.361 0.737 0.960
Jackknife 0.054 0.704 0.950 0.998 | 0.015 0.476 0.847 0.991
Contaminated IG Distribution: 1G(1,1) + 10% IG(1, 10)
Bartlett 0.065 0.737 0.962 0.999 | 0.016 0.511 0.879 0.996
Box-Andersen | 0.0564 0.644 0.913 0.994 | 0.097 0.338 0.696 0.943
Jackknife 0.059 0.674 0.933 0.997 | 0.016 0.448 0.813 0.985
Contaminated IG Distribution: 1G(1,1) + 20% IG(1, 10)
Bartlett 0.085 0.725 0.951 0.998 | 0.023 0.511 0.866 0.998
Box-Andersen | 0.053 0.583 0.874 0.987 | 0.010 0.281 0.615 0.987
Jackknife 0.059 0.618 0.899 0.994 | 0.017 0.389 0.755 0.994
Lognormal Distribution
Bartlett 0.122 0.707 0.933 0.997 | 0.040 0.517 0.839 0.988
Box-Andersen | 0.047 0.585 0.893 0.995 | 0.075 0.293 0.687 0.963
Jackknife 0.068 0.572 0.838 0.968 | 0.019 0.366 0.679 0.920

* Based on 50,000 replications for each entry, SE < 0.002




TABLE II. Monte Carlo Power* Function of Competing Tests
for Hy: A1 = Ao vs. Hy: A\{ # Ay for n =40

a=0.05 a=0.01
A =X/ M 1 3 5 10 1 3 5 10
Inverse Gaussian Distribution
Bartlett 0.050 0.923 0.998 1.000 | 0.0099 0.784 0.990 1.000
Box-Andersen | 0.052 0.903 0.996 0.999 | 0.0097 0.693 0.966 0.999
Jackknife 0.055 0911 0.998 0.999 | 0.014 0.767 0.985 0.999
Contaminated IG Distribution: 1G(1,1) + 10% IG(1, 10)
Bartlett 0.065 0.909 0.997 1.000 | 0.015 0.771 0.986 0.999
Box-Andersen | 0.050 0.861 0.992 0.999 | 0.009  0.619 0.937 0.997
Jackknife 0.055 0.873 0.994 1.000 | 0.013 0.705 0.969 0.999
Contaminated IG Distribution: 1G(1,1) + 20% IG(1, 10)
Bartlett 0.085 0.895 0.612 0.875|0.023 0.754 0.980 0.999
Box-Andersen | 0.0564 0.808 0.436 0.698 | 0.0094 0.538 0.893 0.994
Jackknife 0.057 0.827 0.492 0.758 | 0.014 0.634 0.945 0.999
Lognormal Distribution
Bartlett 0.129 0.872 0.988 0.999 | 0.047 0.738 0.964 0.999
Box-Andersen | 0.048 0.787 0.978 0.999 | 0.0077 0.530 0.905 0.996
Jackknife 0.067 0.750 0.945 0.993 | 0.018  0.553 0.996 0.980

* Based on 50,000 replications for each entry, SE < 0.002




do > 3, i.e. analogous to the heavy tailed alternatives considered in Miller’s (1968) empirical
study such as double exponential, skew double exponential and sixth power distributions
with (G > 3.

In conclusion, as in the normal case, the IG-analogue of Bartlett’s test is hypersen-
sitive to the assumption of the distribution being from the inverse Gaussian universe.
Interestingly, the IG-analogue of Box-Andersen’s test provides a robust alternative to the
I1G-analogue due to Bartlett for testing homogeneity of IG scale parameters. The jackknife
test albeit anti-conservative seems to adequately have Type I error control for samples of

sizes over 20.
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